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Gaussian quadrature methods have been used quite successfully in the numerical solution of ordinary differential equations (Cf. [1] , [2] ). We consider here a Gaussian quadrature method for the numerical solution of the characteristic initial value problem: (1) uxy = f(x, y, u) (1.1) u(x,0) = a(x), u(0,y) = r(y), cr(0) = t(0) (1.2) 0 ^ x ^ a, 0 ^ y ¿ b
Throughout this discussion we shall assume sufficient regularity conditions for /, a, and t so as to insure that equations (4.1), (5) , (6) have meaning in any context in which they are used. We also assume that values of ux(0, y) and uy(x, 0) as well as a (x) and r (x) have been calculated: techniques on how this may be done are discussed in [5] ,
In order to apply quadrature methods for the numerical solution of the above initial value problem, we convert the differential equation (1) into a system of integral equations.
u(x0 4-h, yo + h) = u(xo 4-h, y0) 4-u(x0, y + h) -it(x0, y0) (2) rxo+h rvo+h
The numerical solution of (1) over a region D{0 ^ x ^ a, 0 ^ y ^ b\ is to be carried out in a step wise manner over a square mesh on D. The object of our method is that given u, ux, uy at (xo, i/o), (xo + h, y0), (x<¡, y0 + h) to calculate u, ux, Uy at (xo + h, y0 + h).
For the evaluation of the double integral in (2) we shall use the cartesian product formula for the Gauss two-point rule on the interval [x0, xo + h] (Cf. Assuming that ux and w,, have been calculated in the previous step, either from the given initial data or by a method such as indicated below, we have by means of Taylor expansions, the following estimate for u at the points (xk, yk).
Substituting the values of u(xk , yk) calculated by (6) into (5), we obtain an approximate value for u(xo + h, y0 4-h) with an error of order hb.
A bound for the local truncation error, assuming that the results from the previous steps are exact, is given by This bound takes into account only the accumulative effect of the order h5 errors, with the additional assumption that ux and uy have been calculated correctly to order K at every point of the mesh. Since we now have an approximate value for u at (xo + h, ya + h), we can calculate ux and u" at (x0 + h, 2/0 + h) by means of the trapezoidal rule or by other equally spaced numerical integration schemes applied to (3) and (4). In the case of the trapezoidal rule, we obtain an error of order h3 for ux and uy ; moreover, we note that the three values of/used in calculating ux and uy may be used in succeeding calculations.
We note that the number of evaluations of/over each subsquare is eight, three of which may be used in succeeding calculations, if storage limitations permit. The number of evaluations used in [5] for the solution of the more general problem uxy = f(x, y, u, ux, Uy) to the same order of accuracy is 15.
We believe that this method would also be of value in obtaining starting values for methods such as those discussed in [6] . With this point of view, we have performed calculations for the following example.
The equation of Liouville [7] : = e with initial conditions u(x, 0) = x/2 -log (1 + ex) License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use w(0,2/) = y 12-log(l + e").
The solution of this problem is u(x, y) = (x + y')/2 -log (ex + e''). Taking A as 0.05, we have written a program in Fortran for the CDC 1604 computer at the University of California, San Diego and have found the following errors for the computation of u at the points (x, y) given below. By error we mean here the relative error, i.e., error = | (true value -approximate value)/true value |.
As a concluding remark, we wish to point out that the techniques used here can be applied to the more general equation uxy = f{x,y,u,ux ,uy). In this case, one could use the quadrature formula used above and the Moore-RungeKutta method to estimate the values of u, ux, uy at the quadrature evaluation points.
I am especially indebted to Prof. P. C. Hammer and A. H. Stroud for many discussions on the general techniques of numerical integration in more than one variable.
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